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Sigma notation is a method used to write out a long sum in a concise way. In this unit we look
at ways of using sigma notation, and establish some useful rules.

In order to master the techniques explained here it is vital that you undertake plenty of practice
exercises so that they become second nature.

After reading this text, and/or viewing the video tutorial on this topic, you should be able to:

e expand a sum given in sigma notation into an explicit sum;

e write an explicit sum in sigma notation where there is an obvious pattern to the individual
terms;

e use rules to manipulate sums expressed in sigma notation.
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1. Introduction

Sigma notation is a concise and convenient way to represent long sums. For example, we often
wish to sum a number of terms such as

1+24+3+4+5
or
14+4+9+ 16+ 25+ 36

where there is an obvious pattern to the numbers involved. The first of these is the sum of
the first five whole numbers, and the second is the sum of the first six square numbers. More
generally, if we take a sequence of numbers wuq, us, us, . .., u, then we can write the sum of these
numbers as

U+ U +ug+ ...+ Uy .

A shorter way of writing this is to let u, represent the general term of the sequence and put

n
E Uy .
r=1

Here, the symbol X is the Greek capital letter Sigma corresponding to our letter ‘S’, and refers
to the initial letter of the word ‘Sum’. So this expression means the sum of all the terms w,
where r takes the values from 1 to n. We can also write

b
> u,
r=a

to mean the sum of all the terms u, where r takes the values from a to b. In such a sum, a is
called the lower limit and b the upper limit.

Q Key Point

The sum u; + us +us + ... + u, is written in sigma notation as

n
E Uy .
r=1
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Exercises

1. Write out what is meant by
5 5

(@) Y n* (b)) 33 () U () Y5
n=1 n=1 k=1

@ a6 Y

4
2. Evaluate Z k2.

k=1

2. Some examples

Example

4
Evaluate E r3.
r=1

Solution

This is the sum of all the 73 terms from » = 1 to r = 4. So we take each value of r, work out
r3 in each case, and add the results. Therefore

dort = P28 430448

= 1+8+27+64
= 100.
Example
5
Evaluate Z n?.
n=2
Solution

In this example we have used the letter n to represent the variable in the sum, rather than r.
Any letter can be used, and we find the answer in the same way as before:

dont = 243845
= 449416425
= H4.

Example

5
Evaluate 22’“.

k=0
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Solution
Notice that, in this example, there are 6 terms in the sum, because we have & = 0 for the first
term:
5
do2F = 20420422498 420 42

M0 14924448416+ 32

= 63.

Example
6
Evaluate Z r(r+1).
r=1

Solution

You might recognise that each number %r(’r + 1) is a triangular number, and so this example

asks for the sum of the first six triangular numbers. We get

6
Z%r(rJrl) = (3x1x2)+(3x2x3)+ (3 x3x4)+ (3 x4x5)

= + (3x5%x6)+ (2 x6x7)

= 1+3+6+10+15+21
= 56.

What would we do if we were asked to evaluate
n
>t
k=1

Now we know what this expression means, because it is the sum of all the terms 2% where k
takes the values from 1 to n, and so it is

Z2k:21+22+23+24+...+2".
k=1

But we cannot give a numerical answer, as we do not know the value of the upper limit n.

Example

4
Evaluate Z(—l)’".
r=1

Solution

Here, we need to remember that (—1)* = +1, (—1)® = —1, and so on. So
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Example

3 1\2
Evaluate Z <_E) :
k=1

Solution

Once again, we must remember how to deal with powers of —1:

: 1\? 2 2 2
S (1) = (DY
k=1

= 1+141

— 1%

3. Writing a long sum in sigma notation

Suppose that we are given a long sum and we want to express it in sigma notation. How should
we do this?

Let us take the two sums we started with. If we want to write the sum
1+2+3+4+5

In sigma notation, we notice that the general term is just k£ and that there are 5 terms, so we

would write
5

1+2+3+4+5:Zk.
k=1

To write the second sum
1+4+94+164+254+36

in sigma notation, we notice that the general term is k? and that there are 6 terms, so we would

write
6

1+4+9+16+25+36:Zk2.
k=1

Example

Write the sum

in sigma notation.
Solution

In this example, the first term —1 can also be written as a fraction —%. We also notice that the
signs of the terms alternate, with a minus sign for the odd-numbered terms and a plus sign for
the even-numbered terms. So we can take care of the sign by using (—1)*, which is —1 when k
is odd, and +1 when k is even. We can therefore write the sum as

(D" + (1) + (1)L + (D o+ ()
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We can now see that k-th term is (—1)* 1/k, and that there are 100 terms, so we would write
the sum in sigma notation as

% Key Point

To write a sum in sigma notation, try to find a formula involving a variable k where the first
term can be obtained by setting £ = 1, the second term by k£ = 2, and so on.

Exercises

3. Express each of the following in sigma notation:
1 1 1 1
(@) j+3+3+i+s
(b) -14+2—-3+4—-5+6—...+20
(© (21— p)?+ (22— p)? + (23 — p)? + (22 — p)*.

4. Rules for use with sigma notation

There are a number of useful results that we can obtain when we use sigma notation. For
example, suppose we had a sum of constant terms

5
23.
k=1

What does this mean? If we write this out in full then we get

5
23 = 34+3+3+3+3
k=1

= Hx3

15.

In general, if we sum a constant n times then we can write

n

Zc = c+c+...4+c = nc.
N

k=1 n times
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Suppose we have the sum of a constant times k. What does this give us? For example,
4
3k = (3x1)+(3x2)+(3x3)+(3x4)
k=1

= 3x(1+2+3+4)
3 x 10
= 30.

But we can see from this calculation that the result also equals

4
3x (14+243+4)=3) k,
k=1
so that

In general, we can say that

Suppose we have the sum of k plus a constant. What does this give us? For example,
4
D k+2) = 1+42)+2+2)+(B+2)+(4+2)
k=1
= (1+2+3+4)+(4x2)
= 10+8
18.

But we can see from this calculation that the result also equals
4
(Ax2)+(1+2+43+4)=(Ax2)+ > k,
k=1

so that
4

4
S k+2)=(4x2)+> k.
k=1 k=1
In general, we can say that
d(kt+e) = 1+)+2+)+...+(n+c)
k=1
= (c+c+...4¢) + (14+2+...4+n)

. J
~~

n times

= nc+ Z k.
k=1
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Notice that we have written the answer with the constant nc on the left, rather than as

ik—irnc,
k=1

to make it clear that the sigma refers just to the £ and not to the constant nc. Another way of

making this clear would be to write
(Z k:) + nc.
k=1

In fact we can generalise this result even further. If we have any function g(k) of k, then we can
write

n

> (glk) +¢)=nc + Y g(k)
k=1

k=1
by using the same type of argument, and we can also write

n

Z(ag(k) +¢) =nc+ az g(k)

k=1 k=1
where a is another constant. We can also consider the sum of two different functions, such as
3
S k+k) = 1+1%)+(2+2%)+(3+3

k=1
= (1+2+3)+(1*+2°+ 3%

= 6+ 14
= 20.
Notice that
3 3
(L+243)+ (12 +22+3) =Y k+> K,
k=1 k=1
so that

In general, we can write

and in fact we could even extend this to the sum of several functions of k.
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Q Key Point

If @ and ¢ are constants, and if f(k) and g(k) are functions of &, then

n

Ec:nc,

k=1

ch = cZk,

We shall finish by taking a particular example and using sigma notation. Suppose that we want
to find the mean of a set of examination marks. Now
total sum of marks

mean =
no. of values

So if the marks were 2, 3, 4, 5 and 6 we would have
2+34+4+5+6 20
5 5

But more generally, if we have a set of marks x;, where i runs from 1 to n, we can write the
mean using sigma notation. We write

mean =

1 n
mean = — E Z;.
n <
=1

Exercises

4. By writing out the terms explicitly, show that

5 5 6 6 4
(@) Y 3k=3>k (b) Y 4i®=4) i () » 5=4x5=20
k=1 k=1 i=1 i=1 n=1

(d) Zc = 8c.

5. Write out what is meant by

! 1
; (2k+1)(2k + 3)°
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Answers

1.
5

(@ Y n'=19+2°4+3+4545°

n=1

5
(b) Y 3"=3"434+3%+3 43
n=1
4

(C) Z(_1>TT2 — _12 4 22 - 32 +42

r=1

1
(d) ) S
3757 9
— 2k +1
N
(e) Zx?:x%+x§+x§+...+x?\,

i=1

N
(f) Zfi% = fix1 + fora + faxs + ...+ fyoN
i=1

2. 30.
3.
° 1
(a) %+§+§+i+§=;E
Bl 20
(b) —1+2-3+4-5+6—...4+20=>Y (-1)k
k=1

(©) (w1 —p)?+ (@2 — )+ (3 — ) + (24 — p)? = Y _(wp — )’

i 1 S NS SRS SRR
— 2k+1EE+3) ()6 GBI (MO (9011
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